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Some background info

The general form of a symmetric linear send!order elliptic

PDE Is:
! d

IIX (a'J (X)—(X)) + c(X)u(x) =f(xX)in! ! Rd

ij=1

u(x) = g(x)on!!

which is a generalized form of ®ssors Equation

d
192y

I u(x) = W(X) =f(xX)in"
j=1" "

u(x) =g(x)on!"

we will only deal with solving Bissors equation




We discretize using some numerical methoatget the linear systm of
equations,

IA\|U|:|:I A!!u!!
U, = G

or by eliminating the seond equation, grouping the RHS and
simplifying notation we get the linear sysgm

AU = F

whereA is an N x N matrix, u and F are veatrs of size N.
The vector u represents the appreimate solution to our
PDE.




Before we look to store A and F into memory and numericaly
solve the linear sysggm we must #rst ansver some preliminay
guestions:

¥ What is the structure of A?That is, is it symmetric? hvertible? Rositive

¥

de#nite? Sparsity sticture?

How large is N for interesting 2D and 3D problems?

Answers:

Our type of PDE limits us to the case whereA is symmetric positive de#nie
and thus invetible. | f we use any resonable appraimation method $#nie
di%erenes, #nite element etc& &vget O(1) nonlzeros per rowhus
requiring O(N ) sbrage to hold A.

Typical problems in physics and eather forecating can require grids which
use thousands of grid points in each direction.df 3D problems, ifA were
dense, just sbring our matrix could yield memolty requirements in the
exabye range. But because of the sparsityevare ony looking at sbrage
requirements in the gigaby range.



Now assuming ve"ve onstructed our linear systm in memoly
we examine some methods for #nding our solution u.

Direct Factorization M ethods: O(N3) omplexity
Gaussian Elimination, LU Factors requireO(N ?) sirage,
Factorization, Cholesky leading b memory over'ow.

Specialized Bctorizations: O(N433%) &(N*) amplexity resp.
Banded and Sparse GE Less sbrage requirement than
above, but still not linear storage.

Classical terative Methods: O(N**"InN) forabobi and GS
hobi, GaussSeidel, Sucessive O(N**°InN) for SOR. Linear
Over Relaxation storage requirement

Conjugate Gradient Methods: O(N133InN) sstandalone, but
Standalone or Reconditioned can get & good 8 O(N InN) for
complicated premnditioners

Multigrid M ethods: O(N InN) foV! andW !cycle
V! or W! cycle and kil Multigrid  while O(N) for Fill Multigrid

Note:The listed mmplexities are for 3D domains, Banded and Sparse GE are befor 2D while
Classical ierative methods and standalone CG gets a littleosse.




|t would appear that kill Multigrid Is our best
option, but it has limitations.

¥ Eventualy we will run out of memory as problem size

INCreases.

¥ Not easily paralelizable.

¥ Even if we did paralelize, the method © do so generas
a lot of bottlenecks.

So we use a ambination of Full Multigrid

and PCG

0 achieve an algorithm which is

naturally paralelizable...




Domain Decomposition

M ethods




General Idea

We subdivide the original domain! i@ M
overlapping, smder subdomains{! ¢ }}. , where
M may or may not be the number of proessors.

For simplicity, we only draw the two subdomain cae.




We then pose n& subproblems on each of the subdomains
where the bounday conditions are interpolated from the
adja@nt domain$s&.

L ui(x)=Ff(X)In" 4 L ux(X)=F(X)In" »

ui(x) = g(x)on!" 1\ #; uz(x) = g(x)on!" o\ #;

Ui(X) = ux(Xx)]i, on #, Uo(X) = ug(x)]i ., on #,

Optimally, we wish © solve these tw problems
simultaneousy, but this iIs just & di(cult a s solving the large
problem, so ve& must propose and grative approach.




Given some initial guess for the solutiom® @voonstruct an
iteration that solves each subproblem simultaneoyslising
the previous solution © set bounday conditions,

0 — 1,0 O — ,,0
Set initial guess u®, uy = u®|, ,, us = u°|, .,

L us(x) = f(x)in" 4

x)on!Qq\ Iy us(x) = g(x)on!" 5\ #,

()l onTr ug(x) = ui (X)), on #:

and hopefuly each suldolution converges o Its
corresponding pie@ of the global solution.This
method is known & Additive Schwarz.




The good news,

¥ Since each subdomain solve uses bounganfo
from previous step, each subdomain solve Is
completely independent fom one another and
can be solved in par&l

¥ No matter how much oserlap we use, & only
need b communicate a smdlfraction of
Information between each ieration.

¥ We can solve athe subproblems using I
Multigrid which has linear @mplexity.




and the bad nevs

¥ As a standalone method, the proposedatative
method will not in general ®nverge.

¥ Even if it does ®nverge, it does so verslowl,
and the speed depends on the number of
subdomains.

¥ Each iteration requires @mmunication, which
adds up In the long un.




Solutions © the bad nevs ... $sdrof&

¥ If we useAdditive Schwarz with Conjugag
Gradients, the @mbined method will converge
to our desired solution.

¥ Via a more precise initial guess  obtaineddim
solving the global problem on a@arse mesh, &
get a bound on the number of grations,
Independent of the number of subdomains.

¥ To avoid high communication costs, each
subdomain must minimize the surfae to volume
ratio.




But our solutions stil generat more
problems,

¥ Implementation of CG is much more
complicated If we are unabled explicitly
construct a global solution, and preliminay
attempts to do so destroys prerequisgs for CG
$symmety&.

¥ Because of &dn N etm which is a result of using
an O(N InN) methoda paralelize, e(ciency
will always end to zero & N increases.




Some preliminay results,

Iteration number vs || e ||, for a few Iterative Methods

I

\ Jacobi's Method

Cormgate Gradents

Additive Schwarz with Conjugate Gradients

\

Energy norm of error |l e | |

/S SOR with Corwugate Gradients

150
Iteration Number
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